We investigate the conformal string σ-model corresponding to a general fivedimensional non-extremal black hole solution. In the horizon region the theory reduces to an exactly solvable conformal field theory. We determine the modular invariant spectrum of physical string states, which expresses the Rindler momentum operator in terms of three charges and string oscillators. For black holes with winding and Kaluza-Klein charges, we find that states made with only right-moving excitations have ADM mass equal to the black hole ADM mass, and thus they can be used as sources of the gravitational field. A discussion on statistical entropy is included.
Introduction
Recently two complementary approaches have shed light on the statistical origin of the entropy of extremal black holes in string theory. One is based on the D-brane representation of string solitons with RR charge (see e.g. [1, 2] ). This permits the counting of all BPS quantum states in the weakly coupled theory with given charges. This number is a topological quantity and it is unchanged in extrapolating from weak coupling to strong coupling where the black hole appears; thus it represents the degeneracy of the ground state of these extremal black holes. This method has provided a number of concrete results, although the extension beyond extremality (for black holes with Schwarzschild radii much larger than the compactification scale) appears to be problematic. The other approach, pursued for instance in refs. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] , is based on the idea of interpreting the statistical entropy of black holes with NS charges as originating from oscillating states of a string source.
This paper follows the line of the second approach. We will consider the fivedimensional solution studied in refs. [13, 2] , describing a family of non-extremal black holes, which includes the standard five-dimensional Reissner-Nordström solution. In sect. 2 it will be shown that the σ-model becomes, in the vicinity of the event horizon, an exactly solvable conformal field theory, which is formally related to a particular member of the class of models solved in ref. [14] (or the supersymmetric version given in ref. [15] ). In sect. 3 the corresponding (type II) superstring model will be solved and the exact physical spectrum will be determined. This has the expected T -duality invariance under the exchange of winding and Kaluza-Klein momentum charges. The simplicity of the horizon theory opens the possibility of having a tractable framework to quantitatively investigate certain types of interactions with infalling matter.
While for extremal black holes the derivation of the statistical entropy reduces to the counting of BPS states (i.e. the counting of all marginal supersymmetric deformations of the conformal σ-model describing black holes with the same asymptotic charges), for nonextremal black holes it is unclear what states should be counted. The formalism developed here might in principle be of use to derive a statistical entropy, under the basic assumption that the entropy of a non-extremal black hole originates from non-supersymmetric perturbations of the conformal σ-model (or non-BPS excitations of the string source). In order to count all states with given energy and charges, one then needs to establish a correspondence between the string energy due to the oscillations and the black hole ADM mass. In sect. 4 we include some remarks on this point, though a complete treatment is outside the scope of this paper. An appendix gives further details of the solution to the horizon model. Let us first describe the extremal black hole recently investigated in [11] . The background is represented by the D = 10 supersymmetric conformal σ-model with the following bosonic part [16] 
where u = y + t, v = y − t, x m (m = 1, 2, 3, 4) are non-compact spatial coordinates, y a (a = 1, 2, 3, 4), y are coordinates of the 5-torus, and (r 2 ≡ x m x m )
The ten-dimensional B µν has both electric Q 1 and magnetic P charges. Q 2 corresponds to adding a Kaluza-Klein momentum boost in the y direction (y ∼ y + 2πR). They are related to integers by (α ′ = 1) 4) where G ≡ G 5 is the five-dimensional Newton constant (related to the volume (2π) 4 V of the four-torus a = 1, 2, 3, 4, and the radius R by G = πg 2 /(4RV )).
Upon compactification along y 1 , ..., y one finds the D = 5 black hole (Einstein-frame) metric
In the throat region r → 0 the theory is just described by a direct product of SL(2, R) (t, y, r) and SU(2) (with Euler angles associated with the angular coordinates of the threesphere) WZW models with equal levels proportional to P [11] . It will be shown below that this conformal model does not describe the extremal limit of the horizon theory of a non-extremal black hole.
Conformal model for a non-extremal black hole
The non-extremal solution is conveniently parametrized in terms of 'boost' parameters [2] , {Q 1 , Q 2 , P, E} → {α, γ, σ, r 0 }, with the relations
In terms of the σ-model metric, the solution reads
where ǫ 3 is the volume form on the unit three-sphere. The extremal limit corresponds to the limit r 0 → 0 with at least one of the boost parameters α, β, γ → ±∞ keeping the associated charges (2.1) fixed. For the extremal solution there exists a renormalization scheme in which the corresponding supersymmetric σ-model (1.1) is conformal to all orders in the α ′ expansion. The non-extremal black hole is not of the chiral null form and is likely to receive α ′ corrections in all renormalization schemes. However, for large black holes α ′ corrections to the metric (2.3) can be neglected in the horizon region. In particular, they would affect terms in the entropy formula which are subleading in the macroscopic limit.
Only the leading part of the entropy is expected to be universal (i.e. the same for type II or heterotic embeddings), and given by the Bekenstein-Hawking formula.
The five-dimensional (Einstein-frame) metric arising upon dimensional reduction has the symmetric form: 
It is convenient to introduce a new coordinater defined bŷ
The r, Ω 3 part of the metric (2.3) takes the form:
The background can then be represented by the D = 10 supersymmetric conformal σ-model , with the bosonic part (r 2 = x m x m ) :
where the dilaton and H mnk were given in eq. (2.4), g mn =f (x)δ mn , and
This background can be embedded in both type II and heterotic superstring theories, and it can be physically interpreted as representing a bound state of a closed macroscopic string wrapped w times around y (with a momentum boost m/R), and a solitonic five-brane wrapped P times around the five-torus (the special cases w = 0 or P = 0 describe the geometry of a macroscopic string or a five-brane).
In the horizon region ρ → 0 the σ-model action takes the form
16)
17)
where the free internal coordinates and the dilaton term have been omitted. We have also rescaled the angular coordinates so that they have a standard kinetic term. 1 The new coordinates θ ′ , ϕ ′ , ψ ′ are periodic with period proportional to κ. For large κ their winding numbers can be ignored, so we can treat these coordinates just as free uncompact coordinates. In the extremal limit κ 2 reduces to the magnetic charge P . For the ReissnerNordström case, α = β = γ, κ is just the Schwarzschild radius R s = r 0 cosh α (see eq. (2.5)). In general, it will depend on the three charges (2.1) and on the ADM energy
It is easy to check by direct calculation that the T -duality invariance of the original σ-model (2.13) is preserved in the horizon theory (2.16), i.e. a T -duality transformation in the y direction leads to the same σ-model (2.16) with α and β exchanged.
The σ-model (1.1) describing the extremal black hole solution has a different (SL(2, R) × SU (2) WZW) structure near the horizon [11] . This cannot be recovered by taking the extremal limit on eq. (2.16). 2 The horizon limit r → r 0 and the extremal limit r 0 → 0 do not commute, i.e. the horizon theory of the extremal black hole is in no limit associated with the physics of the non-extremal black hole.
1 For large κ (κ 2 ≫ α ′ ), the dynamics in the horizon region can be locally described by flat
justified in the large-κ limit. 2 In the limit r 0 → 0, one has ρ → ∞, so the expansion for small ρ leading to (2.16) does not apply. To take the extremal limit, it is useful to introduce a new coordinateρ which is regular as r 0 → 0, by the shiftρ = ρ + ln r 0 /2 , so that r = e ρ + 
Spectrum in the horizon region
The analysis of the physical spectrum of the model (2.16) is of interest, in particular, to establish a correspondence between the asymptotic parameters characterizing the black hole geometry and the quantum numbers of a string moving in the vicinity of the horizon.
3
Throughout we restrict the discussion to the sector where the winding number and KaluzaKlein momentum of the string state coincide with those of the black hole geometry. We will consider the type II superstring theory embedding of the background discussed in the previous section. To simplify the notation, during part of the derivation the fermionic fields will be omitted. The only substantial difference with the purely bosonic case (apart from straightforward addition of fermion mode oscillators) is a normal ordering constant.
Let us introduce Minkowski world-sheet coordinates, σ ± = τ ±σ. The non-trivial part of the Lagrangian (2.16) is
where
The boundary conditions for the fields X ± ≡ρe ±T and z, as follows from y ∼ y + 2πwR, are given by
where S is the black hole entropy, eq. (2.7). We will also need to relate the momentum p z to the momentum p y = m/R = aQ 2 = ar 2 0 sinh β cosh β. More generally, consider the canonical momenta Π y , Π z , Π T , Π t conjugate to y, z, T, t. From eqs. (2.14) and (3.2), we 6) and the inverse relation
Using eq. (3.5), we obtain
P T generates translations in Rindler time.
The structure of the theory (3.1) is that of an interacting theory with non-trivial boundary conditions. Nevertheless, it can be solved exactly. Indeed, the Lagrangian (3.1)
has the same form as a world-sheet Lagrangian related to the (a = √ 3) Kaluza-Klein
Melvin Universe [15] :
where y ′ is a boson compactified on a circle of radius R ′ , and ρ, ϕ are polar coordinates.
More precisely, the Kaluza-Klein magnetic flux tube Universe is described by the Lagrangian which is T -dual to (3.10) were solved in ref. [15] , with the spectrum and the modular invariant partition function determined (a larger family was previously treated in [14] for the bosonic string theory).
Instead of repeating the derivation of ref.
[15], we will settle the appropriate dictionary between the models (3.1) and (3.10) (the direct solution of the model (3.1) is outlined in the appendix). For this purpose, it is convenient to go to Euclidean Rindler time, T → −iT , P T → iP T (at the end we shall return to the Minkowski-signature Rindler time). The coordinate ϕ can then be identified with T (and A → iA). The operator P T will be identified with the angular momentum operatorĴ =Ĵ R +Ĵ L of the model (3.10) which generates shifts in ϕ.
There are two differences between the theories (3.1) and (3.10) : a) in (3.10), the field ρe iϕ is single-valued (being the physical Cartesian uncompact coordinate), whereas in the theory (3.1) this field obeys the boundary condition (3.3); b) in the magnetic flux tube model (3.10), the momentum p y ′ is equal to m ′ /R ′ , whereas the analogous p z is given by eq. (3.9).
The spectrum of the model (3.10) is not invariant under a T -duality transformation in y ′ (the partition function of course it is). In fact, T -duality maps to a different σ-model, the Kaluza-Klein Melvin theory. 4 However, the physical spectrum of the model (3.1) must be invariant under T -duality: our original Lagrangian (2.16) is self-dual under a T -duality transformation in the y-direction (with the change (α, β) → (β, α)). Indeed, we will show that, by taking into account the two differences (a) and (b) between the models pointed out above, the resulting spectrum will enjoy the expected symmetry.
The Hamiltonian corresponding to the model (3.10) is given by (see eq. (6.8) in
ref. [15] with q = 0 and β instead of A)
where the index α stands for extra free coordinates. 5 The operatorsN R,L = N R,L − a contain the free superstring theory Regge intercepts a (R) = 0, a (NS) = 1/2, e.g. in the
Ramond sector,
The free creation and annihilation operators b n , b † n and d n , d * n are associated with the bosonic degrees of freedoms represented by ρe ±iϕ and the fermionic superpartners. Here the light-cone gauge has been used to remove oscillator modes corresponding to the degrees 4 This follows from the standard T -duality rules; the Kaluza-Klein Melvin model has a vector gauge field, which under T -duality goes into the axial gauge field of (3.10). Instead, the (a = 1)
dilatonic Melvin theory has a purely left gauge coupling; the model is self-dual, with a T -duality invariant spectrum [15] . 5 For simplicity, we shall consider only states with zero winding number and momentum in the internal coordinates a = 1, 2, 3, 4, so that p 2 α only contains contributions from the variables
of freedom associated with y ′ and t (the corresponding term −∂ + t∂ − t was omitted in eq. (3.10) since t is decoupled). In the Ramond sector, the operatorĴ R is given bŷ
14)
The expression ofĴ L = P L is similar, with a reversal of the sign of the orbital angular momentum terms.
The analogue ofγ for the model (3.1) isγ = iAp z . However, because of the twisted boundary condition (3.3) in X ± , the parameterγ will be shifted by iε, so it must be replaced byγ
The case mw = 0, implyingγ = 0, is special and it will be discussed separately.
Taking into account these changes, we can now write down the Virasoro conditions, determining the physical spectrum of the Euclidean horizon theory:
where A and B have been defined in eqs. (3.2) and (3.9).
Let us now formally return to Minkowski-signature Rindler time by P R,L → −iP R,L .
We obtain 
The spectrum is thus invariant under the duality transformation α ↔ β (or m ↔ w,
In contrast with the Euclidean theory, now the operators P L , P R are no longer angular momentum operators. They are defined by
In terms of oscillator modes, they can still be formally written as in eq. (3.14) with a factor −i in front, but it is convenient to return to the conventional notation α µ n . This is done by defining ± ,x ± (related to
the different operators take the form (mw = 0)
where the modes with subindex z are those associated with the field z and its superpartners.
The physical space is simply constructed by applying the free creation operators on the vacuum Fock state. The full treatment of the zero mode sector x ± ,x ± involves long technical details, which we plan to present elsewhere. 7 The calculation given here will not depend on the explicit form of P L , P R .
In the special case mw = 0 =γ, the fields X ± are single-valued. As a result, translational invariance of the Rindler Cartesian plane X 1 =ρ cosh T, X 0 =ρ sinh T is restored. The zero-mode operators x ± andx ± , are traded by center-of-mass coordinates and momentum x 0 , x 1 and p 0 , p 1 . The bosonic zero mode parts of P L , P R are replaced by 1 2 (x 0 p 1 − x 1 p 0 ), and the Hamiltonian reads (w = 0)
In particular, for a Schwarzschild black hole one simply has
Rind represents the invariant mass in the Rindler Cartesian plane. For a black hole with mw = 0, p 0 , p 1 are not conserved quantum numbers.
In the extremal limit α, β, γ → ∞, r 0 → 0, with the charges (2.1) fixed, one obtains
where P is the magnetic charge introduced earlier. The Hamiltonian (3.18) becomeŝ
The Hamiltonian contains a free part and a term multiplied by an overall factor 1/P , which involves only the product of the three charges, i.e. it depends only on the entropy and the Rindler energy operator.
7 A system with a similar zero mode structure is discussed in ref. [18] .
The string source

Rindler energy
For a classical black hole geometry, the energies measured by a Minkowskian distant observer (the ADM energy) and by an inertial observer moving in the neighborhoods of the horizon (where the r, t part of the metric describes a two-dimensional Rindler space-time)
are related by
Using the first law of black hole thermodynamics, dE = T H dS, we can express the Rindler energy in terms of the entropy:
Consider for example the Reissner-Nördstrom black hole. From eq. (4.1) we have
Integrating this relation we obtain
In particular, for a neutral black hole, this gives
This agrees with a derivation given in ref. [12] .
Rindler energy of states with
Equation (4.2) can be explicitly checked for the black hole (2.5) by direct integration.
One obtains a relation of the form, 2πE R = S(E, m, w, P ), which implicitly determines the ADM energy E in terms of the Rindler energy and the charges, i.e. E = f (E R , m, w, P ).
Let us now return to the physical spectrum of the conformal model. Equation 6) or
Strikingly, this is the relation (4.2). Since these states carry the same charges m, w of the (P = 0) black hole, this means that the associated ADM mass is the black hole ADM mass! Thus, for a black hole with zero magnetic charge, an oscillating string in the horizon in a N L = P L = 0 state can be interpreted as a source of the gravitational field: it has the same charges and ADM mass of the black hole geometry.
String sources for the non-extremal black hole with zero magnetic charge
We have seen that the ADM mass eigenvalue associated with states with only rightmoving mode content coincides with the ADM mass of the electrically charged black hole.
Let us now find the general states whose mass equals that of the P = 0 black hole geometry.
To address this question, we return to the spectrum (3.20) and look for states where the eigenvalue of the Rindler energy operator is P T = S/2π. For these states, there is a remarkable simplification in the Hamiltonian (3.20), which takes the form
Using eq. (3.19), and S = 2π(P L + P R ), we obtain
All states in the physical spectrum satisfying (4.9) will have ADM mass eigenvalue coinciding with the ADM mass parameter of the black hole configuration, and thus they can be used as sources. Note that the derivation leading to (4.9) is not valid when mw = 0, which includes the Schwarzschild geometry. As pointed out above, in this case the zero-mode structure changes, and there is an additional term in the Hamiltonian of the form −p A natural question is whether the logarithm of the total number Ω(E) of states with ADM energy E is related to the Bekenstein-Hawking formula. The condition (4.9) fixes the expectation value of the operators P R,L in terms of N R,L . Ignoring power-like factors, the number of states obeying (4.9) is asymptotically given by is an extra condition restricting the set of states that contribute to the sum (4.10), which in the extremal limit reduces to N L = 0.
To summarize, the horizon region of a class of non-extremal black holes, which includes the standard five-dimensional Reissner-Nördstrom solution, is described by a solvable conformal field theory, and exact formulas for the physical spectrum can be written. There is an ADM mass that can be associated with each state of the spectrum (3.20) . This is done by means of the eigenvalue of the Rindler energy operator P T on the state, using the standard relation between Rindler energy and ADM mass. We have seen that states with Rindler energy equal to the black hole entropy over 2π are special; in particular, the Hamiltonian in this sector simplifies. To address counting problems, there are some points in the interpretation of the spectrum that need to be clarified. A thorough study is desirable to understand to what extent these states can be regarded as microstates constituting the non-extremal black hole.
The general solution to the equations of motion corresponding to the Lagrangian (3.1)
is given in terms of three free fields Z, Y + , Y − , as follows:
so that
We recall that superscripts + and − represent light-cone Lorentz indices, which are not in association with σ ± . The boundary conditions (3.3) and (3.4) are satisfied by (throughout we assume mw = 0):
p ± = ±(wR − AP T ) + p z ,
The Fourier expansions χ ± R,L andẐ R,L are given by
± n e −2inσ + , (A.6)
Starting from the expression for the classical stress-energy tensor of the theory (3.1) and evaluating it on the general solution (A.1), one finds that it takes the simple form:
The canonical commutation relations for X ± imply L . In the NS sector the expressions are also similar, with the usual changes that take place in free superstring theory.
